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Abstract
We examine for a Noetherian domain R the relationship between the completion of R and its
ultrapowers R∗, and we describe prime ideals of R∗ that arise from ﬁltrations on the base ring R.
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1. Introduction
It is a consequence of a well-known theorem of Łos that any ﬁrst-order sentence in the
language of commutative rings is satisﬁed by a commutative ring R if and only if it is
satisﬁed by any ultrapower R∗ of R. Thus, any property possessed by R but not R∗ is not a
ﬁrst-order statement, meaning roughly, that it requires quantiﬁcation over ideals rather than
elements to express it. Thus, it is of interest in delimiting the ﬁrst-order theory of Noetherian
rings to understand their ultrapowers. In general, the ultrapower of a Noetherian ring is a
rather complicated object; it is (in general) a non-Noetherian ring in which every non-zero
ideal has inﬁnite height, and its prime spectrum is not a Noetherian space.
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In this paper, we examine for a Noetherian ring R the relationship of the completion Rˆ
to an ultrapower R∗, and we describe prime ideals of R∗ that arise from ﬁltrations on the
base ring R. In case R is an analytically unramiﬁed one-dimensional local domain, then our
methods account for all the prime ideals in R∗.
In Section 2, we show that with respect to any countably incomplete ultraﬁlter there is
a homomorphic image R(∗) of R∗ that behaves very much like the completion R̂ of R.
Using the Cohen structure theorem for complete local rings, we compute in Theorem 2.4
the complete local ring R(∗) from the representation of Rˆ in terms of its coefﬁcient ring.
From this we derive in Corollary 2.5 (under a certain cardinality assumption) that if R and
S are elementary equivalent local rings, then there exists a countably incomplete ultraﬁlter
on an index set such that R(∗)S(∗), and if R and S have ﬁnite residue ﬁeld, then R̂Ŝ.
In Sections 3 and 4, we generalize the usual notion of a ﬁltration on a ring R to certain
maps from R to a totally ordered semigroup, a deﬁnition which is broad enough to include
valuations on the quotient ﬁeld of R. Associated to these ﬁltrations are chains of radical
ideals of R, which under certain additional assumptions are prime ideals. Hübl and Swanson
[9,18] have given necessary and sufﬁcient conditions for a local (Noetherian) domain to be
analytically irreducible (i.e., its completion is a domain) in terms of the ﬁltration given by
the powers of the maximal ideal. It is an analog of this deﬁnition (which we call a strong
ﬁltration) that is precisely what is needed so that the associated radical ideals of a ﬁltration
are in fact prime. Furthermore, a ﬁltration f on R induces in a natural fashion a ﬁltration f ∗
on R∗ which is strong if and only if f is a strong ﬁltration. This enables us to use a strong
ﬁltration on R to describe chains of prime ideals of R∗.
In Section 5we examine two important classes of ﬁltrations, those that come from powers
of primary ideals of a local ring and those that arise from valuations.We see that many such
ﬁltrations give rise to the same chain of prime ideals. In Example 5.9, however, we give an
example of a valuation centered on the maximal ideal of a local ring that gives a different
chain of prime ideals.
In Section 6,we show thatwhenR is a one-dimensional local domainwhich is analytically
unramiﬁed, then R∗ is the pullback of the ultrapowers of a semilocal PID S (the integral
closure of R) and Smodulo an ideal contained in its Jacobson radical. In this way, we show
that the complexity of Spec(R∗) is determined by the integral closure of R. We also show
in this section that R∗ is a pullback of the ring R(∗) introduced in Section 2 and a certain
Bezout domain that is a localization of R∗.
Our focus here is mainly on local rings, but the methods of Olberding and Shapiro [13,
Corollary 5.6] describe all themaximal ideals of an ultrapower of a catenaryNoetherian ring.
Moreover, combining our description of the local case with that of Olberding and Shapiro
[13] one obtains a description of all the prime ideals of an ultrapower of a one-dimensional
Noetherian domain having module-ﬁnite integral closure.
1.1. Notation and preliminaries
The following observations and conventions are used throughout this paper.
1.1.1. Ultraﬁlters
Let I be a set and U be a collection of subsets of I . Then U is a ﬁlter on I if (a) for all
V,W ∈ U, V ∩W ∈ U, and (b) for all V ∈ U, if V ⊆ W ⊆ I , thenW ∈ U. A ﬁlterU is
B. Olberding et al. / Journal of Pure and Applied Algebra 197 (2005) 213–237 215
an ultraﬁlter on I if for all V ⊆ I , either V ∈ U or I\V ∈ U (but not both). It is not hard
to see that if an ultraﬁlter U contains a ﬁnite set, then it contains a singleton set, say {i},
and i is an element of every element of U. In this case we say U is a principal ultraﬁlter.
An ultraﬁlter that is not principal is called a free ultraﬁlter.
1.1.2. Countably incomplete ultraﬁlters
An ultraﬁlter U on I is called countably incomplete if there exists a countable partition
{Ui} of I such that no Ui is in U. Hence any free ultraﬁlter on a countable index set must
be countably incomplete. Given any index set I, there exists a countably incomplete free
ultraﬁlterU on I [2, Theorem 6.1.4]. It is consistent with the ZFC axioms of set theory that
for any set I, every free ultraﬁlter on I is countably incomplete; see Chapter 12 of Gillman
and Jerison [7].
1.1.3. Ultraproducts
Let {Xi}i∈I be a collection of sets indexed by a set I. If U is an ultraﬁlter on I, then
we write X∗ =∏UXi for the ultraproduct of the Xi’s with respect to the ultraﬁlterU. An
element of
∏
UXi is an equivalence class of elements of
∏
i∈IXi deﬁned by
(ai)i∈I ∼ (bi)i∈I ⇔ {i ∈ I : ai = bi} ∈ U.
By an abuse of notation we denote by (xi) the element ofX∗ determined by the equivalence
class of (xi). Since we only consider ultraproducts, this should not cause any confusion. If
there is a set X such that Xi =X for all i ∈ I , then X∗ =∏UX is the ultrapower of X with
respect toU.
1.1.4. Induced mappings
Let {Xi}i∈I and {Yi}i∈I be collections of sets, and letU be an ultraﬁlter on I. If for each
i, fi : Xi → Yi is a map from Xi to Yi , then we denote by f ∗ the mapping f ∗ : X∗ → Y ∗
deﬁned by f ∗((xi))= (f (xi)) for each (xi) in X∗.
1.1.5. Properties that hold forU-many i
Given a collection {Xi}i∈I of setsXi indexed by I and an ultraﬁlterU on I, we say that a
propertyP holds forU-many i if the set of all i such thatXi satisﬁesP is an element ofU.
1.1.6. Induced ideals
Let {Ri} be a collection of commutative rings indexed by a set I, and letU be an ultraﬁlter
on I. ThenR∗, as a homomorphic image of a product of commutative rings, is a commutative
ring. If for each i, Si is a subset of Ri , then we write (Si) for the subset of R∗ consisting of
elements of the form (si), si ∈ Si . An ideal A of R∗ is induced if A= (Ai) for some subsets
Ai of R. Observe that A= (Ai) is an induced ideal of R∗ if and only if forU-many i, Ai is
an ideal of Ri . More information on induced ideals can be found in [12].
1.1.7. Induced prime ideals
It is easily checked using properties of ultraﬁlters that an induced ideal P = (Pi) of R∗
is prime if and only if for U-many i, Pi is a prime ideal of Ri . Thus R∗ is a domain if and
only if forU-many i, Ri is a domain. Moreover, if there is a ring R such that Ri =R for all
216 B. Olberding et al. / Journal of Pure and Applied Algebra 197 (2005) 213–237
i ∈ I , and P is a prime ideal of R, then (P ) is a prime ideal of the ultrapower R∗. In this
case we denote the prime ideal (P ) by P ∗.
1.1.8. Ultraproducts of quasilocal rings
The ultraproduct R∗ is quasilocal if and only if for U-many i, Ri is quasilocal. If each
Ri is quasilocal with maximal idealMi , then the maximal ideal of R∗ is (Mi). We denote
the maximal ideal (Mi) byM∗. In the case where R∗ is an ultrapower of a quasilocal ring
R, this notation coincides with that of (1.1.7).
2. Completions and ultrapowers
If R is a local Noetherian ring with maximal ideal M and U is an ultraﬁlter on an index
set I, then we deﬁne R(∗) to be the quasilocal ring R∗/B, where R∗ is the ultrapower of R
with respect to U and B =⋂k>0(M∗)k . We examine in this section the close relationship
between R(∗) and the completion R̂ of R.
Lemma 2.1. Let {(Ri,Mi)}i∈I be collection of quasilocal rings Ri with maximal ideal
Mi , and let U be an ultraﬁlter on I. If B := ⋂k>0(M∗)k , then B = {(ai) ∈ R∗ :
for each k > 0, {i : ai ∈ Mki } ∈ U}.
Proof. Observe that (ai) ∈ B if and only if for each k > 0, (ai) ∈ (M∗)k = (Mki ); if and
only if for each k > 0, {i : ai ∈ Mki } ∈ U. 
Statements (i) and (ii) of the next result are from [8], though they were stated only for a
countably inﬁnite index set.
Proposition 2.2. Let R be a local Noetherian ring with maximal ideal M, and let U be a
countably incomplete ultraﬁlter on an index set I.
(i) There is an injective ring homomorphism  : R̂ → R(∗).
(ii) If R has a ﬁnite residue ﬁeld, then the map  is an isomorphism.
(iii) The canonical ring homomorphism  : R → R̂ induces a ring isomorphism : R(∗) →
(R̂)(∗). (Here (R̂)(∗) represents the construction ()(∗) applied to the completion R̂
of R.)
Proof. (i) and (ii) are from [8, Theorem 3.2] under the assumption thatU is a free ultraﬁlter
on a countable index set. We deﬁne  in our more general setting and note that the proof
here is directly analogous to that of [8]. Since U is countably incomplete, there exists a
surjection  : I → N such that for all k ∈ N, −1(k) /∈U. Let B=⋂k>0(M∗)k , whereM∗
is the unique maximal ideal of R∗. Deﬁne a mapping  : R̂ → R(∗) by (a) = (ai) + B,
where if a=limk→∞ bk (with each bk ∈ R), then for each i ∈ I , ai=b(i).We need to prove
that  is well deﬁned. It will sufﬁce to show that if {bj } is any sequence in R̂ that converges
to 0, then (ai) ∈ (M∗)k for each k. For that, we need to prove that T = {i ∈ I : ai ∈ Mk}
is an element of U. We know there exists L> 0 such that for all l >L, bl ∈ Mk . Thus
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T ∪ −1(1, 2, . . . , L)= I . By our assumption on , we know also that −1(k) /∈U for any
k. SinceU is a free ultraﬁlter, the ﬁnite union of elements not inU is again not in the ﬁlter.
Thus −1(1, 2, . . . , L) /∈U, and so its complement is in the ﬁlter. Hence T is in U, which
was to be proved.
(iii) Let C = ⋂k>0(M̂∗)k , and deﬁne a ring homomorphism  : R∗ → (R̂)(∗) by
((ai)) = (ai) + C for each (ai) ∈ R∗. To prove that  is a surjection, let (ai) ∈ R̂∗. For
each i ∈ I , since ai ∈ R̂ there exists bi ∈ R such that ai − bi ∈ M̂(i) (recall that 
is the map from I onto N deﬁned in the previous paragraph). Thus, for each i ∈ I there
exists ci ∈ M̂(i) such that ai = bi + ci . Now (ai) = (bi) + (ci) and by Lemma 2.1 and
the assumption thatU is countably incomplete, (ci) ∈ C. Thus (ai)+C = (bi)+C. Each
bi ∈ R, so ((bi))= (ai)+ C. This proves that  is onto. To show that Ker  is B, suppose
that (bi) ∈ R∗. Then ((bi))=0 if and only if (bi) ∈ C; if and only if for each k > 0, the set
{i : bi ∈ M̂k}={i : bi ∈ Mk} is an element ofU; if and only if (bi) ∈ B. Hence Ker =B.
Thus, the mapping  : R(∗) → R̂(∗) deﬁned for each (ai) ∈ R∗ by ((ai)+B)= (ai)+C
is an isomorphism. 
We note that it follows from (i) of the last result that when B is a prime ideal, then R is
analytically irreducible.We will show in Section 5 that the converse of this assertion is also
true.
Proposition 2.2(ii) describes the ringR(∗) when R has ﬁnite residue ﬁeld. The main result
of this section will describe R(∗) even when R does not have ﬁnite residue ﬁeld. First, we
determine what happens when the ring is a valuation ring.
Lemma 2.3. If V is a Noetherian valuation domain andU is a countably incomplete ultra-
ﬁlter on an index set I, then V (∗) is a complete Noetherian valuation ring.
Proof. By Proposition 2.2 (iii) V (∗)V̂ (∗) so we may assume without loss of generality
thatV is a complete local ring. It is well-known that an ultraproduct of valuation domains is
a valuation domain (see for example [12]). Hence by (1.1.8) V ∗ is a valuation domain with
maximal idealM∗. Moreover, since V ∗ is a valuation domain, B =⋂k>0(M∗)k is a prime
ideal and so V (∗) is also a valuation domain. Let N denote the maximal ideal M∗ + B of
V (∗). Then
⋂
k>0N
k=0. ThusV (∗) is a valuation domainwith dimension one. Furthermore,
since V ∗ has a principal maximal ideal, so does V (∗). Consequently, V (∗) is a Noetherian
valuation domain.
Now we prove that V (∗) is complete. Let m denote a generator for the maximal ideal
of V. It follows that the image of (m) in V (∗), which we denote by t, generates the
maximal ideal N. Let {bk}∞k=1 be a Cauchy sequence in V (∗). To show that {bk}∞k=1 con-
verges, it is enough since {bk} is Cauchy, to show that {bk} has a convergent
subsequence.
For each n> 0 there exists kn > 0 such that for all k > kn, bkn − bk ∈ Nn. Deﬁne a
subsequence {cn}∞n=1 of {bk}∞k=1 by cn=bkn for each n> 0. Thus for each n> 0, cn+1−cn ∈
Nn. Hence cn+1 = cn + rntn, where rn ∈ V (∗). It follows that for each n> 0,
cn+1 = c1 + r1t + r2t2 + · · · + rntn.
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For each n> 0, we can choose a preimage an ∈ V ∗ of cn and sn ∈ V ∗ of rn such that
an+1 = a1 + s1(m)+ s2(m)2 + · · · + sn(m)n.
For each i ∈ I , let aj,i denote the ith component of aj . It follows that for a ﬁxed i,
{an,i}∞n=1 is a Cauchy sequence in the complete ring V. Hence for each i ∈ I , this sequence
converges to some element di ∈ V . Set d = (di) ∈ V ∗. We claim that the Cauchy sequence
{cn}∞n=1 in V (∗) converges to d + B.
Let p> 0. Then based on our deﬁnition of an, for any s, qp we have as−aq ∈ (M∗)p.
In fact, based on our deﬁnition of an we may assume that for all i ∈ I , as,i − aq,i ∈ Mp.
To prove that {cn}∞n=1 converges to d + B, it will sufﬁce to show that aq − d ∈ (M∗)p for
all qp. We know that for each i ∈ I , there exists n> 0 (we can assume that np) such
that an,i − di ∈ Mp. Furthermore, for this n, aq,j − an,j ∈ Mp for all j ∈ I . Hence for the
particular i with which we started, we have aq,i − di = aq,i − an,i + an,i − di ∈ Mp. Since
this is true for each i ∈ I , we have aq − d ∈ (M∗)p. Thus the claim is proved and so V (∗)
is complete. 
If R is a local Noetherian ring, then by the Cohen structure theorem for complete local
rings, the completion R̂ of R is the homomorphic image of a regular local ring of the form
V [[x1, . . . , xn]] where if the characteristic of R and its residue ﬁeld are the same, V is a
ﬁeld, or (in the complementary case) V is a complete DVR (that is, a complete rank one
discrete valuation domain) [3]. The ring V is a coefﬁcient ring of the completion of R.
Theorem 2.4. Let R be a d-dimensional local Noetherian ring with maximal ideal M, and
letU be a countably incomplete ultraﬁlter on an index set I. Then there is a domainV (which
is either a DVR or a ﬁeld), indeterminates x1, . . . , xn and ideal A of V [[x1, . . . , xn]] such
that
(i) R̂V [[x1, . . . , xn]]/A,
(ii) R(∗)V (∗)[[x1, . . . , xn]]/AV (∗)[[x1, . . . , xn]],
(iii) R(∗) is a faithfully ﬂat extension of R andMR(∗) is the unique maximal ideal of R(∗),
(iv) R(∗) is a d-dimensional complete local Noetherian ring, and
(v) if R is an excellent ring and R contains a ﬁeld, then the homomorphism R → R(∗) is
regular.
Proof. (i) This is the theorem of Cohen.
(ii) By Proposition 2.2(iii) we may reduce to the case that R is a complete local ring.
Furthermore by (i) we may assume there exists a Noetherian valuation ring V such that
R = V [[x1, . . . , xn]]/A for some ideal A of V [[x1, . . . , xn]]. To simplify notation we let
V [[x1, . . . , xn]] =V [[x]] and for any n-tuple e= (e1, . . . , en) of non-negative integers, we
denote the monomial xe11 · · · xenn as xe. We can then represent an element f of V [[x]]∗ as
f = (fi), where for each i ∈ I ,
fi =
∑
e
vi,ex
e
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with e ranging over all n-tuples of non-negative integers and vi,e ∈ V .We deﬁne a surjective
ring homomorphism
 : V [[x]]∗ → V (∗)[[x]],
where ((
∑
evi,ex
e)) =∑e(vi,e)xe and (vi,e) represents the image of (vi,e) in V (∗). This
map is well-deﬁned for if (
∑
evi,ex
e) = 0 in the ultrapower V [[x]]∗, then for U-many i,
vi,e = 0 for every choice of e. Hence, given any choice of e, (vi,e)= 0. We claim next that
the kernel of  is B :=⋂k>0(M∗)k , where M denotes the maximal ideal of V [[x]] and as
usualM∗ is the maximal ideal of V [[x]]∗.
Weﬁrst prove thatB ⊆Ker. Suppose thatf /∈Ker. Then in the power series expansion
of (f ), the coefﬁcient of some monomial xe is not zero. Thus (vi,e) = 0 or equivalently
(vi,e) /∈⋂t>0(P ∗)t , where P denotes the maximal ideal of V. Hence there exists k > 0 such
that for U-many i, vi,e /∈P k . This in turn implies that for U-many i, the coefﬁcient of the
monomial xe in fi is not in P k . Therefore for U-many i, fi /∈Mk+s where s denotes the
sum of the terms in e. Hence f /∈B and so B ⊆ Ker.
We now prove the reverse containment. Let f = (fi) ∈ V [[x]]∗, where for each i,
fi =∑evi,exe, and suppose that (f ) = 0. We claim that f ∈ (M∗)k for all k > 0. To
this end, let k > 0 and let e1, . . . , er denote the vectors of n-tuples of non-negative integers
whose coordinates sum to a number less than k. For each i ∈ I , set gi=∑rs=1vi,esxes . Then
for all i ∈ I , fi − gi ∈ Mk since the total degree of each term in fi − gi is no less than k.
Set g= (gi) and write g=∑rs=1(vi,esxes ). Let sr and letm be the sum of the coordinates
of es . By design, m<k. Let P denote the maximal ideal of V. Since (f ) = 0 implies
(vi,es )= 0, we have that {i ∈ I : vi,es ∈ P k−m} ∈ U. Combining this with the observation
that xes ∈ Mm, we have that forU-many i, vi,es xes ∈ Mk−mMm =Mk . Thus for all sr ,
(vi,es x
es ) ∈ (M∗)k . It follows that g ∈ (M∗)k . Since as noted above f − g ∈ (M∗)k , we
have that f ∈ (M∗)k . Since kwas arbitrary we conclude that f ∈ B=⋂k>0(M∗)k . Hence,
we have shown that B= Ker  and therefore  : V [[x]]∗ → V (∗)[[x]] is a surjection with
kernel B.
Next we claim thatR(∗)=V [[x]]∗/(B+A∗), where B is as above andA∗ is the ideal (A)
induced by A. As already established, V [[x]]∗/BV (∗)[[x]]. Thus V [[x]]∗/(B + A∗) is a
Noetherian ring since it is the homomorphic image of a Noetherian ring. Hence by the Krull
intersection theorem,
⋂∞
k=1((M∗)k +A∗)=B +A∗, so that R(∗) = V [[x]]∗/(B +A∗), as
claimed.
Now let A′ = (A∗), and observe that since A is a ﬁnitely generated ideal of V [[x]], it
follows that A′ =AV (∗)[[x]]. Deﬁne a surjection 1 : V [[x]]∗ → V (∗)[[x]]/A′, where for
each f ∈ V [[x]]∗, 1(f ) = (f ) + A′. Then since B = Ker and A′ = (A) it follows
that the kernel of 1 is B + A∗. Thus we have
R(∗) = V [[x]]
∗
B + A∗ =
V (∗)[[x]]
A′
.
(iii) Observe that sinceM is a ﬁnitely generated ideal,MR∗ =M∗. ThusR∗ = MR∗ and
R(∗) = MR(∗), and to show that R(∗) is faithfully ﬂat it is enough to prove that R(∗) is a ﬂat
R-module. By (ii), R(∗) is a Noetherian ring, so it is enough by Exercise 6.5 of Eisenbud
[4] to prove that for all k > 0, R(∗)/MkR(∗) is a ﬂat R/Mk-module. Let k > 0. Observe that
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R(∗)/MkR(∗)=R∗/(M∗)k(R/Mk)∗. Since R/Mk is a coherent ring, ultrapowers of ﬂat
R/Mk-modules are ﬂat [17, Theorem 4]. Thus R(∗)/MkR(∗) is a ﬂat R/Mk-module, and it
follows that R(∗) is a ﬂat R-module.
(iv) By (iii), R(∗) is a faithfully ﬂat extension of R with maximal ideal MR(∗). Thus by
Matsumura [11, Theorem 15.1], the Krull dimension of R(∗) is the same as that of R and
R(∗) is a Noetherian ring. Also we have by Lemma 2.3 that V (∗) is a complete local ring, so
it follows from (ii) that R(∗) is also a complete local ring, since it the homomorphic image
of a complete local ring [3].
(v) If R contains a ﬁeld, then as noted above V may be chosen a ﬁeld. It is shown in
Proposition VII.1.13 of [1] that if L is any ﬁeld containing the ﬁeld V, then
V [[x1, . . . , xn]]/A→ L[[x1, . . . , xn]]/AL[[x1, . . . , xn]]
is a regular homomorphism. If in addition R is excellent, then by deﬁnition R → R̂ is
regular. Thus R → R(∗), as a composition of regular homomorphisms, is regular. 
IfR1 andR2 are commutative rings, thenR1 is elementarily equivalent toR2 ifR1 satisﬁes
exactly the same ﬁrst order sentences in the language of commutative rings as R2 (For a
precise deﬁnition, see [2].) It follows from the isomorphism theorem for ultraproducts that
R1 and R2 are elementarily equivalent if and only if there is an ultraﬁlterU on some index
set such that the corresponding ultrapowersR∗1 andR∗2 are isomorphic [2, Theorem 6.1.15].
IfR1 andR2 have the same cardinality + and +=2, then the ultraﬁlterUmay be chosen
to be countably incomplete [2, Theorems 6.1.4 and 6.1.9]. It is routine to observe that if in
the language of commutative rings two quasilocal rings are elementarily equivalent, then
so are their residue ﬁelds. Hence if one of these residue ﬁelds is ﬁnite, so is the other. In
summary, by Proposition 2.2(ii) and Theorem 2.4 we have:
Corollary 2.5. Let R1 and R2 be local Noetherian rings having the same cardinality +,
where + = 2. If R1 is elementarily equivalent to R2, then:
(i) R(∗)1 R(∗)2 with respect to some countably incomplete free ultraﬁlterU, and
(ii) if R1 has a ﬁnite residue ﬁeld, then R̂1R̂2.
3. Filtrations
In this section, we develop a general notion of a ﬁltration of a ring R that is useful for
locating chains of prime ideals in an ultrapower R∗ of R (though in fact it also locates
primes in R) . We deﬁne the notion of ﬁltration so that it is broad enough to include the
order function of an ideal and also valuations on the quotient ﬁeld of a domain. However,
we postpone till Section 5 a more thorough analysis of these two cases.
Deﬁnition 3.1. Let R be a ring, and let (S,+) be a totally ordered cancellative semigroup
having an identity 0 that is the minimal element of S. Denote by S+ the positive elements of
S. A function f : R → S ∪ {∞} is a ﬁltration if f (1)= 0, f (0)=∞ and for all x, y ∈ R,
(i) f (x + y) min{f (x), f (y)}, and
(ii) f (xy)f (x)+ f (y).
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Our notion of a ﬁltration is more general than the usual one in which f takes values in
the set Z0 of non-negative integers. However, as in the traditional case, given a ﬁltration
f : R → S ∪ {∞}, there is a corresponding ﬁltration of ideals {Ag : g ∈ S+} where for
each g ∈ S+, Ag is the ideal {x ∈ R : f (x)g}. In particular, we have that if g, h ∈ S+
and gh, then Ah ⊆ Ag and AgAh ⊆ Ag+h. We also let A+ = {x ∈ R : f (x)> 0}. If S
contains a minimal positive element h, then A+ = Ah.
We use the following notation throughout the rest of the paper. For g, h ∈ S ∪ {∞} we
write g  h if Ng<h for all positive integers N. If there exist positive integers M and N
such that gNh and hMg, then we write g ∼ h. It is clear that ∼ is an equivalence
relation on the set S.
Deﬁnition 3.2. Let f : R → S ∪ {∞} be a ﬁltration of a ring R. For each g ∈ S ∪ {∞} we
deﬁne a pair of subsets of R:
(f )g = {x ∈ R : ∃n> 0 such that gf (xn)}
(f )g = {x ∈ R : ∃n> 0 such that g  f (xn)}
A standard argument shows that (f )g and (f )g are radical ideals of R for all g ∈ S+.We say
the set {(f )g : g ∈ S+} is the lower ﬁltration series deﬁned by f, and the set {(f )g : g ∈ S+}
is the upper ﬁltration series deﬁned by f.
Lemma 3.3. Let f : R → S ∪ {∞} be a ﬁltration and let g, h ∈ S. Then:
(i) (f )0 =
√
A+;
(ii) (f )∞ = 0;
(iii) (f )g ⊆ (f )g;
(iv) if gh, then (f )h ⊆ (f )g and (f )h ⊆ (f )g;
(v) if h ∼ g, then (f )g = (f )h and (f )g = (f )h;
(vi) if h g, then (f )g ⊆ (f )h.
Moreover, the set of ideals B := {(f )g : 0g∞} ∪ {(f )h : 0h∞} is totally
ordered.
Proof. Statements (i)–(v) are straightforward applications of the relevant deﬁnitions. To
prove (vi), let x ∈ (f )g . Hence gf (xn) for some n> 0. Now suppose that x /∈ (f )h. Thus
for m> 0 the negation of h  f (xm) holds. Now apply this to m = n and we obtain a
contradiction to the assumption that g  h.
To see the last statement let g, h ∈ S+. Since S is totally ordered we can assume that
gh. If there exists N > 0 such that hNg, then g ∼ h and so by (v) (f )g = (f )h and
(f )g = (f )h. If no such N exists, then g  h and hence by (vi) (f )h ⊆ (f )g . Thus any
two ideals in the set B are comparable. 
In some signiﬁcant cases (such as those discussed in the next section), the ideals in the
lower and upper ﬁltration series are prime ideals. In order to identify a class of ﬁltrations
having this property we deﬁne next the notion of a strong ﬁltration.
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Deﬁnition 3.4. A ﬁltration f : R → S ∪ {∞} is a strong ﬁltration if f (R)= S ∪ {∞} and
there exists N > 0 such that for all x, y ∈ R and g ∈ S,
Ngf (xy) ⇒ g max{f (x), f (y)}.
Recall that the order function relative to an ideal A of a Noetherian ring R is given for all
x ∈ R by
ordA(x)=max{k : x ∈ Ak},
if this maximum exists; otherwise, ordA(x)=∞. Clearly ordA is a ﬁltration on R and ordA
maps onto Z0 ∪ {∞}. In [9, Proposition 2.2], [18, Theorem 3.4] it is shown that a local
Noetherian domain (R,M) is analytically irreducible if and only if there exists a positive
integerN such that for all x, y ∈ R, ordM(xy)N ·max{ordM(x), ordM(y)}.We will show
as a consequence of our next result, that this is equivalent to asserting that ordM is a strong
ﬁltration (See also Proposition 5.6.)
Lemma 3.5. Suppose f : R → S ∪ {∞} is a ﬁltration and there existsN > 0 such that for
all x, y ∈ R and g ∈ S, Ngf (xy) implies g max{f (x), f (y)}. Then for all x, y ∈ R
with f (x)> 0,
f (xy)2N ·max{f (x), f (y)}.
In particular for any k > 0, f (xk)(2N)k−1f (x).
Proof. Let x, y ∈ R such that f (x)> 0. We claim f (xy)2N ·max{f (x), f (y)}. If this
is not the case, set g =max{f (x), f (y)}, and observe that 2Ng<f (xy). Thus 2gf (x)
or 2gf (y), which is impossible since g = f (x) or g = f (y) and S has no non-zero
idempotents. The ﬁnal claim is a consequence of a simple inductive argument. 
Proposition 3.6. The following statements are equivalent for a ﬁltration f : R → S∪{∞}.
(i) f is a strong ﬁltration and A+ = {x ∈ R : f (x)> 0} is a prime ideal of R.
(ii) f is surjective and there exists N > 0 such that for all x, y ∈ R,
f (xy)N ·max{f (x), f (y)}.
Proof. To prove (i) implies (ii), let N be as in Deﬁnition 3.4. Let x, y ∈ R. By Lemma 3.5
we need only consider the case f (x) = f (y) = 0. Since A+ is a prime ideal, this forces
f (xy)= 0, so that it is clear that f (xy)N ·max{f (x), f (y)}.
Conversely, suppose that (ii) holds, and letN be as in (ii). If for x, y ∈ R, f (x)=f (y)=0,
then f (xy)N ·max{f (x), f (y)} = 0, proving that A+ is a prime ideal. Finally, if x, y ∈
R, g ∈ S+ and Ngf (xy), then Ngf (xy)Nh, where h = max{f (x), f (y)}. We
claim that gh. If this is not the case, then h<g and NhNg, so Nh = Ng. However,
h+ (N −1)hg+ (N −1)hg+ (N −1)g, so this forces h+ (N −1)h=g+ (N −1)h.
Since S is a cancellative semigroup and g, h ∈ S+, it follows that g = h, a contradiction to
the assumption that h<g. Thus gh, and (i) follows. 
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Remark 3.7. Suppose that R is a domain and v is a valuation on the quotient ﬁeld of R
for which v(x)0 for all x ∈ R. Then it is clear from Proposition 3.6 that since v(R) is
closed under addition, v is a strong ﬁltration on R (choose N = 2 in statement (ii) of the
proposition). It is not hard to ﬁnd examples of strong ﬁltrations not satisfying the equivalent
conditions of the proposition. For example, in an analytically irreducible local domain
the order ﬁltration of a non-prime ideal that is primary for the maximal ideal, is such a
ﬁltration (see Section 5).Valuations and the order ﬁltrationwill be discussed inmore detail in
Section 5.
Proposition 3.8. Let f : R → S ∪ {∞} be a ﬁltration of a ring R. If g ∈ S+, then:
(i) (f )g =
⋃
gh(f )h.
Moreover, if f is a strong ﬁltration and T ⊆ S+, then:
(ii) ⋂g∈T (f )g =⋃{(f )h : h?g,∀g ∈ T }, and
(iii) ⋃g∈T (f )g =⋂{(f )h : 0h g,∀g ∈ T }.
Proof. (i) If h ∈ S+ with g  h, then by Lemma 3.3 (f )h ⊆ (f )g . Thus it remains to
show that (f )g ⊆
⋃
gh(f )h. Let x ∈ (f )g . Then there exists n> 0 such that g  f (xn),
so if h= f (xn), then x ∈ (f )h and g  h, proving x ∈⋃gh(f )h.
(ii) Let T ⊆ S+. By Lemma 3.3 (vi), if h?g for all g ∈ T , then (f )h ⊆ ⋂g∈T (f )g .
Thus we need only show that
⋂
g∈T (f )g ⊆
⋃{(f )h : h?g,∀g ∈ T }. Let x ∈⋂g∈T (f )g .
Then for each g ∈ T , there exists ng > 0 such that g  f (xng ). Let n=min{ng : g ∈ T },
and set h = f (xn). Then x ∈ (f )h, so it sufﬁces to show that g  h for all g ∈ T .
Suppose that there exists g ∈ T such that it is not the case that g  h. Then there exists
k > 0 such that f (xn)= hkg. By the choice of n and the deﬁnition of ng , we have nng
and g  f (xng ). Then nngngn. Therefore, since f (xn)> 0, we have by Lemma 3.5,
f (xng )f (xngn)mf (xn), for some m> 0. Thus g  f (xng )mf (xn) = mhmkg,
which implies g  mkg, an impossibility.
(iii) If g ∈ T and h g then by Lemma 3.3 (f )g ⊆ (f )h. It follows that
⋃
g∈T (f )g ⊆
A :=⋂{(f )h : 0h g,∀g ∈ T }, so we need only verify the reverse inclusion. Suppose
x ∈ R\⋃g∈T (f )g . We claim that x /∈A. We break the proof into two cases. First suppose
that for all n> 0, f (xn)= 0. Then x /∈ (f )0, so it is clear that x /∈A.
For the second case we suppose that there exists n> 0 such that f (xn) = 0, and set
y = xn. To prove that x /∈A, it is enough to show that y /∈A. Since⋃g∈T (f )g is a radical
ideal (it is a union of a chain of radical ideals), it follows that y /∈⋃g∈T (f )g . Thus, if g ∈ T ,
thenmf (y)f (ym)<g for allm> 0. Hence h := f (y) g for all g ∈ T . Thus to prove
that y /∈A, it is enough to show that y /∈ (f )h. If y ∈ (f )h, then h f (yn) for some n> 0.
By assumption f (y)> 0, so by Lemma 3.5 there exists k > 0 such that f (yn)kf (y).
Hence h f (yn)kf (y)= kh, a contradiction. Thus we conclude that A ⊆⋃g∈T (f )g ,
proving the claim. 
It is well known that given a valuation ring V, the associated valuation v can be used to
describe the prime ideals ofV. Our next result shows that a strong ﬁltration on R can also be
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used to ﬁnd prime ideals of the ring. In fact in the next section we describe a chain of prime
ideals in terms of a strong ﬁltration that behaves much as the primes of a valuation ring.
Proposition 3.9. Let f : R → S ∪ {∞} be a ﬁltration of a ring R. Then the following
statements are equivalent for R.
(i) For all g ∈ S+, (f )g is a prime ideal of R.
(ii) For all g ∈ S+, (f )g and (f )g are prime ideals of R.
Moreover, if f is a strong ﬁltration, then statements (i) and (ii) hold for R.
Proof. That (ii) implies (i) is clear. To see that (i) implies (ii), apply Proposition 3.8 to
obtain that each (f )g is a union of a chain of prime ideals. To prove the ﬁnal claim of the
proposition, assume f is a strong ﬁltration. Then there existsN > 0 such that for all x, y ∈ R
and g ∈ G, Ngf (xy) implies gf (x) or gf (y). We show that for all g ∈ S+, (f )g
is a prime ideal of R. Let g ∈ S+. If x, y ∈ R and xy ∈ (f )g , then there exists k > 0 such
that gf (xkyk). ThusNgNf (xkyk)f (xNkyNk), so gf (xNk) or gf (yNk). Thus
x ∈ (f )g or y ∈ (f )g , which proves that (f )g is a prime ideal of R. 
4. Prime ideals arising from a strong ﬁltration
In this section, we associate to a strong ﬁltration f of a ring R a chain Specf (R) of
prime ideals of R. We then apply this technique to a strong ﬁltration of the form f ∗ on the
ultraproduct R∗, where f is a strong ﬁltration on R. We show that in general this produces
a long chain of elements of Spec(R∗). In later sections we use this construction to obtain a
more complete description of Spec(R∗) for certain rings R.
Deﬁnition 4.1. For a ring R and strong ﬁltration f : R → S ∪ {∞}, we deﬁne Specf (R)
to be the set of all prime ideals P of R such that P is a union of prime ideals of the form
(f )g , g ∈ S+. Equivalently, by Proposition 3.8, Specf (R) is the set of all prime ideals P
of R such that P is an intersection of prime ideals of the form (f )g , g ∈ S+.
Proposition 4.2. Let f : R → S ∪ {∞} be a strong ﬁltration. If x ∈ R and f (x)> 0, then
(f )f (x) is the smallest prime ideal in Specf (R) that contains x and (f )f (x) is the largest
prime ideal in Specf (R) that does not contain x.
Proof. Set g = f (x), and observe that x ∈ (f )g . Let P be a prime ideal in Specf (R) that
contains x. Now P =⋃h∈T (f )h for some subset T of S+, so x ∈ (f )h for some h ∈ S+.We
claim that (f )g ⊆ (f )h. If hg, then by Lemma 3.3 (f )g ⊆ (f )h, so suppose gh. Since
x ∈ (f )h, we have that hf (xn) for some n> 0. Since f (x)> 0, there exists by Lemma
3.5 k > 0 such that f (xn)kf (x). Thus ghf (xn)kg. We then have that g ∼ h, so
by Lemma 3.3(v) (f )g = (f )h. Therefore in either case (f )g ⊆ (f )h ⊆ P , proving the
ﬁrst claim.
To prove the second claim observe ﬁrst that x /∈ (f )g . For if x ∈ (f )g , then g  f (xn)
for some n> 0, and by Lemma 3.5 there exists k > 0 such that f (xn)kf (x). Thus g =
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f (x) f (xn)kg, which is a contradiction. To prove that (f )g is the largest prime ideal
in Specf (R) that does not contain x, it is enough to show that if x /∈ (f )h for some h ∈ S+,
then (f )h ⊆ (f )g . Let h ∈ S+ and suppose that x /∈ (f )h. If gh, then by Lemma 3.3 (iv)
(f )h ⊆ (f )g , so we need only consider the case that h<g. Since x /∈ (f )h there exists k > 0
such that f (x)kh. Thus hgkh, so that g ∼ h and by Lemma 3.3 (v) (f )g = (f )h.
This proves the claim. 
Corollary 4.3. Let f : R → S ∪ {∞} be a strong ﬁltration of a ring R. If g ∈ S+, then
(f )g(f )
g and there are no prime ideals P in Specf (R) such that (f )g ⊆ P ⊆ (f )g .
Proof. Let x ∈ R such that f (x)=g. By Proposition 4.2 (f )g(f )g since x ∈ (f )g\(f )g .
Suppose that the prime ideal P ∈ Specf (R) is between (f )g and (f )g . Then either P
contains x, in which case P = (f )g or P does not contain x, in which case P = (f )g . 
Corollary 4.4. Let f1 : R → S1 ∪ {∞} and f2 : R → S2 ∪ {∞} be strong ﬁltrations on
R. Then the following statements are equivalent for R.
(i) For all x ∈ R, (f1)f1(x) = (f2)f2(x).
(ii) f1 and f2 have the same lower ﬁltration series.
(iii) For all x ∈ R, (f1)f1(x) = (f2)f2(x).
(iv) f1 and f2 have the same upper ﬁltration series.
(v) Specf1(R)= Specf2(R).
Proof. (i) ⇒ (ii), (iii) ⇒ (iv): These implications are clear since f1 and f2 map onto S1
and S2, respectively.
(ii) ⇔ (iv), (i) ⇔ (iii) Since R is a strong ﬁltration, these equivalences follow at once
from Proposition 3.8.
(iv)⇒ (v) This is clear since the elements of Specfi (R) are precisely the unions of ideals
in the upper ﬁltration series of fi .
(v) ⇒ (iii) Let x ∈ R. We claim that (f1)f1(x) = (f2)f2(x). Set P = (f1)f1(x). By (v)
P =⋃i∈IQi for some prime ideals Qi in the upper ﬁltration series of f2. Since x ∈ P ,
it follows that x ∈ Qi for some i. By Proposition 4.2 (f2)f2(x) ⊆ Qi ⊆ P = (f1)f1(x).
A symmetric argument shows that (f1)f1(x) ⊆ (f2)f2(x), so this proves the claim. 
Given a strong ﬁltration f on a ringR, we say that a prime idealP in Specf (R) is branched
in Specf (R) if P cannot be written as a union of prime ideals in Specf (R) that are properly
contained in P.
Proposition 4.5. Let f : R → S ∪ {∞} be a strong ﬁltration. Then a prime ideal P in
Specf (R) is branched in Specf (R) if and only if P = (f )g for some g ∈ S+.
Proof. We note that a prime ideal of the form (f )g is branched in Specf (R) by Corollary
4.3. To see the converse, let P be a prime ideal that is branched in Specf (R). Then there
is a prime ideal Q in Specf (R) that is strictly contained in P and such that there are no
prime ideals in Specf (R) between Q and P. Let x ∈ P \Q. If g= f (x), it is then clear that
P = (f )g . 
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It is possible that (f )g = (f )h for some g  h. Our next result indicates exactly when
this happens.
Corollary 4.6. Let f : R → S ∪ {∞} be a strong ﬁltration, and let g ∈ S+. Then h ∈ S+
satisﬁes (f )g = (f )h if and only if g  h and in the ordered set S+ the element h is the
immediate successor to g under. In particular, if g does not have an immediate successor
under, then (f )g is unbranched in Specf (R).
Proof. We know from Proposition 3.8 that (f )g is the union of ideals of the form (f )h,
where g  h. If h is the immediate successor to g under, then it is clear that (f )g=(f )h.
It remains to show that if (f )g = (f )h, then there is no element k ∈ S+ such that g 
k  h. Suppose such a k did exist. Then we would have (f )h ⊆ (f )k ⊆ (f )k ⊆ (f )g .
Since the endpoints are equal, we have equality throughout. However, this implies that
(f )k = (f )k , which is impossible by Corollary 4.3. The last statement now follows from
Proposition 4.5. 
Let f : R → S ∪ {∞} be a ﬁltration. Then it follows that the map f ∗ : R∗ → S∗ ∪ {∞}
deﬁned by f ∗(0)=∞ and by f ∗(a)= (f (ai)) for 0 = a= (ai) ∈ R∗ is a ﬁltration on R∗.
For the remainder of this section we focus on these ﬁltrations f ∗ of ultrapowers induced
by ﬁltrations f of R. It is easy to see that f is a strong ﬁltration on R if and only if f ∗ is a
strong ﬁltration on R∗.
Lemma 4.7. Let S be a totally ordered cancellative semigroup, and let U be a countably
incomplete ultraﬁlter on the index set I. Then for any g ∈ (S∗)+ there exists h ∈ (S∗)+
such that g  h. Furthermore, for each h with g  h, there exists k ∈ (S∗)+ such that
g  k  h.
Proof. Since U is countably incomplete, there is a partition {Un}n∈N of the index set I
such that none of the Un is in U. Write g = (gi) ∈ (S∗)+ and deﬁne h ∈ (S∗)+ by setting
hi = ngi for all i ∈ Un. Note that for any N > 0, the set U1 ∪ · · · ∪ UN /∈U, and therefore⋃∞
t=N+1Ut ∈ U. Furthermore, for all i ∈
⋃∞
t=N+1Ut ,Ngi < (N +1)gihi . ThusNg<h
and since N is arbitrary, it follows that g  h.
Next we show that given g, h ∈ (S∗)+ with g  h, there exists k ∈ (S∗)+ such that
g  k  h. It does no harm in assuming that for all i ∈ I, gi <hi . We partition the
index set into two subsets: U = {i ∈ I : gi  hi} and W = {j ∈ I : hjNgj for some
N > 0}. If U ∈ U, then we also can partition U into {Vn}n∈N, where no Vn is inU. Deﬁne
k= (ki) ∈ (S∗)+ via ki = ngi for all i ∈ Vn (it does not matter how we deﬁne ki for i /∈U ).
As in the ﬁrst paragraph, we have g  k. Furthermore, we claim that k  h. We know
that gi  hi for U-many i (i.e., for all i ∈ U ). Since ki is a multiple of gi , it follows that
ki  hi forU-many i. Hence it is clear that k  h.
Now suppose thatW ∈ U (we do not need to partitionW for this part of the proof). Since
S is cancellative, for each i ∈ W there exists a positive integer Ni such that Nigihi <
(Ni + 1)gi . Since g  h, we know that the set {Ni : i ∈ W } is unbounded. We deﬁne
k ∈ (S∗)+ by declaring that for each i ∈ W , ki = [Ni/2]gi , where [x] denotes the greatest
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integer function (it does not matter how we deﬁne ki for i ∈ I\W ). Arguing as above, we
have that g  k  h. 
Theorem 4.8. Let f : R → S ∪ {∞} be a strong ﬁltration, and let U be a countably
incomplete ultraﬁlter. If R∗ is the ultrapower of R with respect to U, then the following
statements hold for f ∗.
(i) For any non-zero g, h ∈ S∗, the ideals (f ∗)g and (f ∗)h are not equal. In particular
(f ∗)g is never a branched prime ideal.
(ii) For any non-zero g, h ∈ S∗, then (f ∗)g = (f ∗)h if and only if (f ∗)g = (f ∗)h; if and
only if g ∼ h.
Proof. For (i) apply Lemma 4.7 and Corollary 4.6. To prove (ii), note that by Lemma
3.3 if g ∼ h, then (f ∗)g = (f ∗)h and (f ∗)g = (f ∗)h. Conversely, suppose (f )g = (f )h
and without loss of generality that gh. If g /∼ h, then g  h so that by Lemma 3.3
(f ∗)h ⊆ (f ∗)h ⊆ (f ∗)g ⊆ (f ∗)g . If (f ∗)h= (f ∗)g , then (f ∗)h= (f ∗)h; if (f ∗)h= (f ∗)g ,
then (f ∗)g = (f ∗)g . In either case this is contrary to Corollary 4.3. 
Remark 4.9. To describe the order type of Specf ∗(R∗) we partition S∗ into the collection
S˜∗ of equivalence classes with respect to ∼, and we split each element of S˜∗ into two
consecutive elements. Then take the Dedekind completion of this set and add an element
to the bottom and, if S˜ does not contain a minimal non-zero element, add an element to the
top (corresponding to the zero ideal and the maximal ideal respectively). It follows from
Theorem 4.8 that Specf ∗(R∗) is order isomorphic to this set. Furthermore, suppose that
S =N, I a countable index set andU a free ultraﬁlter on I. Then, assuming the continuum
hypothesis, it was shown in [10, Remarks (iii), p. 163], that Specf ∗(R∗) has exactly 2c
prime ideals, where c denotes the continuum.
5. Valuations and the order ﬁltration
In this section we consider two important classes of ﬁltrations, those that arise from
valuations and those that come from order ﬁltrations. Our main theorem (Theorem 5.7) of
this section states that for an analytically irreducible domain many valuations and order
ﬁltrations deﬁne the same ﬁltration series of prime ideals of R∗.
An important example of a strong ﬁltration on a ring is a valuation. Let V be a valuation
domain with associated valuation v and value group G. We may view v as a strong ﬁltration
by restricting v to V. Note that the mapping v restricted to V has image G0 ∪ {∞}. By
Proposition 3.9 the upper and lower ﬁltration series of v consists of prime ideals. We know
from the last section that the upper and lower ﬁltration series of v are each order isomorphic
toG+ modulo the equivalence relation given by g ∼ h if there exists positive integersN and
M such that gNh and hMg (note: the relation is the ordering on these equivalence
classes). Using these chains of ideals, we can describe all the prime ideals of V.
If V ∗ is an ultrapower of V, then it is known that V ∗ is also a valuation ring. One can
also check that v∗ is the associated valuation with value group G∗. We use the machinery
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developed in the previous section to obtain information on the prime ideals of V ∗. If R
is a domain with quotient ﬁeld K, recall that an overring of R is any subring of K that
contains R.
Proposition 5.1. The following statements hold for a valuation domainV with correspond-
ing valuation v and value group G.
(i) Specv(V )= Spec(V ).
(ii) P ∈ Spec(V ) is branched if and only if P = (v)g for some g ∈ G+ and (v)g(v)g is
the prime ideal adjacent to (v)g .
(iii) If V is an overring of R, then the contraction mapping Specv(V ) → Specv(R) is
surjective. Furthermore, if v(R)= v(V ), then the map is a bijection.
Proof. (i) Let P ∈ Spec(V ). Then P =⋃j∈J√xjV for some set {xj : j ∈ J } of elements
of P. For each j ∈ J , set gj = v(xj ). Then for each j, xj ∈ (v)gj . Furthermore if y ∈ (v)gj ,
then gjv(yn) for some n> 0, so ynV ⊆ xjV ⊆ P . Hence y ∈ P . Thus P =⋃j∈J (v)gj ,
and this proves Specv(V )= Spec(V ).
(ii) follows from (i), Proposition 4.5 and Corollary 4.3.
(iii) The fact that the map is surjective follows from the deﬁnitions. Now suppose that
v(R)= v(V ) and let P and Q be distinct elements of Specv(V ). Without loss of generality
we can assume that PQ. Let y ∈ Q\P and let t ∈ R such that v(y)=v(t). Thus it follows
that y ∈ (v)g if and only if t ∈ (v)g for any g ∈ G+, where G denotes the value group of v.
We know by the deﬁnition of Specv(V ) thatQ=
⋂
(v)g as g ranges over some collection of
elements g ∈ G+. Thus it is clear that t ∈ Q. A similar argument shows that t /∈P . Hence
P and Q contract to different prime ideals of R, which proves that the contraction map is
also an injection. 
Corollary 5.2. Let V be a valuation domain with corresponding valuation v and value
group G. LetU be a countably incomplete ultraﬁlter on I and V ∗ the ultrapower of V over
U. Then the following statements hold for v∗:
(i) For g, h ∈ (G∗)+, the ideals (v∗)h and (v∗)g are never equal. In particular, (v∗)g is
always an unbranched prime ideal.
(ii) If V is an overring of R such that v(R)= v(V ), then the map Spec(V ∗)→ Specv∗(R∗)
is a bijection.
Proof. Statement (i) follows from Proposition 5.1 and Theorem 4.8. Statement (ii) is
a consequence of Proposition 5.1 (i) and (iii) since v(R) = v(V ) implies that v∗(V ∗) =
v∗(R∗). 
We note that the Krull dimension of V is ﬁnite if and only the number of equivalence
classes of G+ under ∼ is ﬁnite, in which case the two numbers are equal. This follows
since every non-zero prime ideal of V is the union of primes of the form (v)g , while for
g, h ∈ G+, the ideals (v)g and (v)h are distinct precisely when g /∼ h. Observe that ifV is a
DVR and I is countable, then assuming the continuum hypothesis, it follows from Remark
4.9, that Spec(V ∗) has exactly 2c prime ideals.
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Let A be an ideal of a Noetherian ring R, then as discussed in Section 3 the order function
ordA : R → Z0 ∪ {∞} is a ﬁltration on R. If f = ordA, then the induced ﬁltration f ∗ on
R∗ will be denoted ord∗A. A related ﬁltration ordA : R → Q0 ∪ {∞} is deﬁned by
ordA(x)= lim
n→∞
ordA(xn)
n
.
We denote the ﬁltration on R∗ induced by ordA as ord
∗
A. Both of the ﬁltrations ord and ord
have been well-studied for Noetherian domains and we will review some of their properties
in this section.
Lemma 5.3. Let f1, f2 : R → S ∪ {∞} be ﬁltrations taking values in the same totally
ordered cancellative semigroup S. If there exist k > 0 such that for all x ∈ R,f1(x)f2(xk),
then for each g ∈ S+, (f1)g ⊆ (f2)g and (f1)g ⊆ (f2)g .
Proof. Assume the k > 0 in the hypothesis exists. Let x ∈ (f1)g . Then there exists n> 0
such that gf1(xn)f2(xnk), so x ∈ (f2)g , and it follows that (f1)g ⊆ (f2)g .
To see the second containment, suppose that x /∈ (f2)g . Now since (f2)g is a radical ideal
we have that for any m> 0, xm /∈ (f2)g , so there exists Nm> 0 such that f2(xm)Nmg.
If x ∈ (f1)g , then there exists m> 0 such that g  f1(xm). In this case, g  f1(xm)
f2(xkm)Nkmg, which implies g  Nkmg, a clear contradiction. Hence, x /∈ (f1)g , and it
follows that (f1)g ⊆ (f2)g . 
Remark 5.4. Let f1 and f2 be as in the lemma,with say f1(x)f2(xk) and f2(x)f1(xn)
for all x ∈ R. Then f ∗1 and f ∗2 are ﬁltrations on R∗ with values in S∗ ∪ {∞}. Furthermore,
f ∗1 (a)f ∗2 (ak) and f ∗2 (a)f ∗1 (an) for all a ∈ R∗. Hence if we assume that both f1 and
f2 map onto S ∪ {∞}, it follows that f ∗1 and f ∗2 map onto S∗ ∪ {∞}. Therefore by Lemma
5.3 f ∗1 and f ∗2 will also have the same upper and lower ﬁltration series.
Proposition 5.5. Let (R,M) be a local Noetherian ring and let A be an M-primary ideal.
Then the ﬁltrations ord∗M and ord∗A have the same upper and lower ﬁltration series.
Proof. There exists k > 0 such that Mk ⊆ A. Let f1= ordM and f2= ordA. Then f2 and
f1 both take values in Z ∪ {∞}. Furthermore, it is not difﬁcult to see that f2f1. On
the other hand, we claim that f1(x)f2(xk) for all x ∈ R. If this is not the case, then
f2(xk)<f1(x) for some x ∈ M . Hence if t = f1(x), then x ∈ Mt\Mt−1 but xk /∈At .
However since x ∈ Mt , then xk ∈ Mkt ⊆ At , a contradiction. Thus f1(x)f2(xk) for all
x ∈ R. Moreover as noted in the remark, the same relations hold for f ∗1 and f ∗2 , so f ∗1 and
f ∗2 have the same upper and lower ﬁltration series. 
Let (R,M) be a local Noetherian domain which is not a ﬁeld. Then ordM is a ﬁltration
on R that maps ontoZ0∪{∞}. Therefore ord∗M is a ﬁltration onR∗ whose image includes
all of (Z∗)0.We let 1 denote the element of Z∗ which is identically 1. Note that this is the
minimal non-zero element of (Z∗)0. Furthermore, it is easily veriﬁed that the ideal B of
Section 2 (i.e., the kernel of the map R∗ → R(∗)) is equal to (ord∗M)1.
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Proposition 5.6. The following statements are equivalent for a local Noetherian domain
(R,M).
(i) R is analytically irreducible.
(ii) ordA is a strong ﬁltration for every M-primary ideal A of R.
(iii) ordM is a strong ﬁltration.
Moreover for any countably incomplete ultraﬁlterU on an index set I, statements (i)–(iii)
are equivalent to:
(iv) (ord∗M)1 is a prime ideal.
Proof. (i)⇒ (ii): Since R̂ is a faithfully ﬂat extension of R, Ak = (AR̂)k ∩R for all k > 0.
Thus, it sufﬁces to prove (ii) in the case thatR is complete. Hence we assumeR is a complete
local domain. In Theorem 2.6 of Hübl and Swanson [9] it is shown that there exist positive
integers a and b such that whenever ordA(xy)ak+b, then ordA(x)k or ordA(y)k. By
settingN=a+b, we have that whenever ordA(xy)Nk, then ordA(x)k or ordA(y)k.
Thus since also ordA : R → Z0 ∪ {∞} is an onto mapping, ordA is a strong ﬁltration.
(ii)⇒ (iii): This is clear.
(iii)⇒ (iv): Since also ord∗M is a strongﬁltration, this follows from themoreover statement
of Proposition 3.9, since 1 ∈ Z∗.
(iv)⇒ (i): Since (ord∗M)1 = B, this is a consequence of Proposition 2.2. 
To prove the main theorem of this section, we require the following valuation-theoretic
facts about local Noetherian domains.AnM-valuation of a local Noetherian domain (R,M)
is a valuation v on the quotient ﬁeld F of R that is centered on M and for which the
transcendence degree of the residue ﬁeld of v overR/M is one less than the Krull dimension
ofR.Thus the valuation ring corresponding to anM-valuation is aDVR that is the localization
of a ﬁnitely generated R-algebra B with R ⊆ B ⊆ F .
(1) If (R,M) is an analytically irreducible local Noetherian domain R, then for any two
M-valuations v and w of R, there exists C > 0 such that for all x ∈ R v(x)Cw(x).
This is Rees’s version of Izumi’s Theorem [16, p. 409]; a stronger version holds if R is
excellent [9].
(2) IfA is anM-primary ideal of a local Noetherian domain R, then there existM-valuations
v1, . . . , vn of R such that for all x ∈ R,
ordA(x)=min
{
v1(x)
k1
, . . . ,
vn(x)
kn
}
,
where for each j, kj= min {vj (x) : x ∈ A} [14].
(3) A local Noetherian domain (R,M) is analytically unramiﬁed if for at least one M-
primary idealA andonly if for allM-primary idealsA, there exists a constantKdepending
only on A such that ordA(x)− ordA(x)K for all x ∈ R [15].
Theorem 5.7. Let (R,M) be an analytically irreducible local Noetherian domain. If A is
any M-primary ideal and v is any M-valuation, then the lower and upper ﬁltrations series
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of R∗ deﬁned by ord∗A, ord
∗
A and v∗ are the same as the lower and upper ﬁltration series,
respectively, deﬁned by ord∗M . Moreover,
Specord∗M (R
∗)= Specord∗A(R
∗)= Specv∗(R∗).
Proof. Let A be an M-primary ideal of R, and let v and w be M-valuations of R. We may
view v and w as ﬁltrations v,w : R → Q0∪{∞}. Similarly, we may view ordA and ordA
as ﬁltrations taking values inQ0 ∪ {∞}. We prove the theorem in several steps.
Claim 1. If g ∈ Q∗ and g0, then (v∗)g = (w∗)g .
Proof. If v and w are M-valuations, then Izumi’s theorem (statement (1) above) implies
that there exists K,M > 0 such that v∗K · w∗ and w∗M · v∗. Since v∗ and w∗ are
valuations, we have that for all x ∈ R∗, M · v∗(x) = v∗(xM) and K · w∗(x) = w∗(xK).
Thus Lemma 5.3 implies the claim is true. 
Claim 2. For each positive q ∈ Q∗, there exists h ∈ N∗ such that (ord∗A)q = (v∗)h.
Proof. By Rees’s valuation theorem (statement (2) above) there exist M-valuations
v1, . . . , vn such that for all a ∈ R,
ordA(a)=min
{
v1(a)
k1
, . . . ,
vn(a)
kn
}
,
where kj =min{vj (a) : a ∈ A}. Write q = (qi) for positive qi ∈ Q. Then for each a ∈ R,
qiordA(a) ⇔ ∀j kj qivj (a). (1)
For each i ∈ I , let gi the smallest integer such that qigi . We claim ﬁrst that
(ord∗A)q = (v∗1)k1g ∩ · · · ∩ (v∗n)kng. (2)
Let x= (xi) ∈ (ord∗A)q . Then there existsN > 0 such that qord∗A(xN), so by (1) for each
j = 1, . . . , n, kjqivj (xNi ) for U-many i. The value vj (xNi ) is an integer, so for each j,
we have kjgivj (xNi ) forU-many i. It follows that x ∈ (v∗1)k1g ∩ · · · ∩ (v∗n)kng.
Conversely, suppose that x = (xi) ∈ (v∗1)k1g ∩ · · · ∩ (v∗n)kng. Then there exists N > 0
such that for all j = 1, . . . , n, kjgv∗j (xN). Hence if k = k1k2 · · · kn, then for each j,
kjqkjgkgv∗j (xNk).
By (1) qord∗A(xNk) so that x ∈ (ord∗A)q , as claimed. This proves (2).
Now by Claim 1, for each j = 1, . . . , n we have (v∗)kj g = (v∗j )kj g . Without loss
of generality assume that k1=max{k1, . . . , kn}. Then from (2) it follows that
(ord∗A)q = (v∗)k1g . 
Claim 3. For each g ∈ N∗, (v∗)g = (ord∗A)g .
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Proof. Let v1, . . . , vn and k1, . . . , kn be as in the proof of Claim 2. Write g = (gi), where
each gi is a positive integer. Then for each a ∈ R,
giordA(a) ⇔ ∀j kjgivj (a). (3)
As in the proof of Claim 2, it follows that there exists j ∈ {1, . . . , n} such that (ord∗A)g =
(v∗j )
kj g
. By Lemma 3.3 (v) (v∗j )kj g = (v∗j )g and by Claim 1, (v∗)g = (v∗j )g , so this proves
the claim. 
Claim 4. For each g ∈ N∗, (ord∗M)g = (ord∗M)g .
Proof. Note that for any a∈R and n>0, nordM(a)ordM(an), so that ordM(a)ordM(a).
Thus (ord∗M)
g ⊆ (ord∗M)g , so to prove the claimweneedonly verify the reverse containment.
By the theorem of Rees included above in statement (3), there existsK > 0 such that for all
a ∈ R,
ordM(a)ordM(a)+K(K + 1) · ordM(a)
(Wehaveusedhere that sinceM is themaximal ideal ofR, ordM(a)> 0 implies ordM(a)> 0.)
It follows that ord∗M(K+1) ·ord∗M . Thus, we may apply Lemma 5.3 to obtain (ord∗M)g=
(ord∗M)
g
. 
Now let v be an M-valuation. By Claims 2 and 3 the upper ﬁltration series for v∗ and
ord∗A coincide, where A is anyM-primary ideal. Thus if A is anM-primary ideal, the upper
ﬁltration series for ord∗A and ord
∗
M coincide. By Claim 4 the upper ﬁltration series for ord∗M
and ord∗M coincide. Also, by Proposition 5.5 the upper ﬁltration series for ord∗A and ord∗M
are the same. Thus the upper ﬁltration series for v∗, ord∗A, ord
∗
M, ord∗M, ord∗A all coincide.
From Corollary 4.4 it follows that the lower ﬁltration series for these ﬁltrations coincide.
Moreover, by Propositions 3.9 and 5.6 the ﬁltration series for ordA and v consist of prime
ideals. It follows that
Specord∗M (R
∗)= Specord∗A(R
∗)= Specv∗(R∗). 
By the theorem, a large class of rank one discrete valuations centered on the maximal
idealM of R give rise to the same series of prime ideals as the order ﬁltration of the maximal
ideal. In order to delineate this result better, we give in the next remark a technical criterion
for when two strong ﬁltrations on R give rise to different ﬁltration series of primes ideals.
Remark 5.8. Let f1 : R → S1 ∪ {∞} and f2 : R → S2 ∪ {∞} be strong ﬁltrations on
a ring R. Let U be a countably incomplete ultraﬁlter on an index set I. Then there exists a
function  : I → N such that for all k ∈ N, −1(k) /∈U. Suppose that h= (hi) ∈ S∗2 and
for each sequence {gk}∞k=1 of non-zero elements in S1, there exists a sequence {ak}∞k=1 in
R such that for all k > 0, gkf1(ak) and f2(ak)hi for all i ∈ −1(k). We claim that no
non-zero member of Specf ∗1 (R
∗) is contained in (f ∗2 )h ∈ Specf ∗2 (R∗).
It is evident from Deﬁnition 4.1 that it is enough to show that no prime ideal of the form
(f ∗1 )
g
, 0 = g ∈ S1, is contained in (f ∗2 )h. Let 0 = g = (gi) ∈ (S1)∗. We may assume
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that no gi is 0 and that gi = gj whenever (i) = (j). For each k > 0, deﬁne gk = gi for
some i ∈ −1(k). By assumption there exists a sequence {ak} in R such that for all k > 0,
gkf1(ak) and f2(ak)hi for all i ∈ −1(k). For each k > 0 and i ∈ −1(k), set ai = ak .
Observe that a := (ai) is in (f ∗1 )g but not in (f ∗2 )h. Indeed, f ∗1 (a) = (f1(ai))(gi) = g,
so a ∈ (f ∗1 )g , while f ∗2 (a)= (f2(ai))(hi)= h, so a /∈ (f ∗2 )h (Recall that h /hsince S2
is a cancellative semigroup.)
Using the remark, we give next an example of an ultrapower R∗ of a two-dimensional
regular local ring R having a large class of rank one discrete valuations that (unlike theM-
valuations) do not yield the same chain of prime ideals as the order ﬁltrations onM-primary
ideals.
Example 5.9. Let R = K[x, y](x,y), with K an algebraically closed ﬁeld of characteristic
0, and let R∗ be the ultrapower of R with respect to a free ultraﬁlter U on N. We exhibit a
rank one discrete valuation v onK(x, y) centered onM := (x, y)R such that Specv∗(R∗)∩
Specord∗M (R
∗)= {0,M∗}.
We ﬁrst note that to ﬁnd such a valuation v it will, by the remark, sufﬁce to show that there
exists a rank one discrete valuation v with the property that for any sequence {gk}∞k=1 in the
value group of v, there exists a sequence {ak}∞k=1 in R and integer d > 0 such that gkv(ak)
and ordM(ak)d for all k > 0. For by the remark this is sufﬁcient to show that no non-zero
prime ideal in Specv∗(R∗) is contained in (ord∗M)1, where 1 denotes the element (1) ∈ N∗.
Since the only member of Specord∗M (R
∗) that contains (ord∗M)1 isM∗, this justiﬁes the claim
that it is sufﬁcient to ﬁnd such a valuation v having the above stated properties.
We construct now the valuation v. Let T be the ring of formal power series in t with
coefﬁcients in K and positive rational exponents; that is,
T =
{ ∞∑
i=1
ait
ei : ai ∈ K, ei ∈ Q+ and e1<e2< · · ·
}
.
For an element f (t) ∈ T , we deﬁne ord(f (t)) to be the smallest exponent of t in the series
f (t), where ord(0) is deﬁned to be∞.
Fix now z :=∑∞j=1bj tej , where bj ∈ K and e1<e2< · · · are positive rational numbers
all having a common denominator. Then the mapping v : K[x, y] → Q ∪ {∞} deﬁned by
v(f (x, y)) = ord(f (t, z)) for all f (x, y) ∈ K[x, y] extends to a valuation (an “analytic
branch”) on K(x, y). The value group of v is the subgroup of Q generated by 1 and the
exponents e1, e2, . . .; hence this value group is isomorphic to Z (see [19] for more details).
By Puiseaux’s Theorem the generalized power series z =∑∞j=1bj tej is integral over
K[[t]] (see for example [4, Corollary 13.15, p. 299]). Thus there exists a monic polynomial
f (t, w) ∈ K[[t]][w] such that f (t, z)=0.Wemay view f (t, w) as an element ofK[w][[t]]
and write f (t, w)=∑∞j=0aj (w)tj , where each aj (w) ∈ K[w].
Now let {gk}∞k=1 be a sequence in the value group of v, and for each k > 0, let nk = gk
where q denotes the roof of q. Let d denote the degree of the polynomial a0(y). In the
ring K[x, y] deﬁne for each k > 0,
fk(x, y)= a0(y)+ a1(y)x + a2(y)x2 + · · · + ank (y)xnk .
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Observe that by design ordM(fk)d for all k > 0. Thus to complete the justiﬁcation of our
claim, we need only show that for all k > 0, gkv(fk).
Since f (t, z)= 0, we have
a0(z)= − a1(z)t − a2(z)t2 − · · · − an(z)tn − · · · .
Now for k > 0, v(fk(x, y))= ord(fk(t, z)) is the leading exponent of
fk(t, z)= a0(z)+ a1(z)t + a2(z)t2 + · · · + ank (z)tnk
= − ank+1(z)tnk+1 − ank+2(z)tnk+2 − · · · .
Thus
ord(fk(t, z)) inf {ord(ank+1(z)tnk+1), ord(ank+2(z)tnk+2), . . .}.
For each j0, ord(aj (z)tj )ord(aj (z)) + j , so it follows that for all k > 0,
v(fk(x, y))nk + 1gk .
6. The ultrapower of a one-dimensional local domain
In this section we use our machinery and the well-known properties of pullbacks to
describe the prime ideal structure of the ultrapower of an analytically unramiﬁed one-
dimensional local domain. The primary fact that we need about such a ring R is that its
integral closure R is a semilocal PID that is ﬁnitely generated as an R-module [11, p. 263].
Remark 6.1. Suppose thatD is a semilocal PIDwith nmaximal ideals. ThenD∗ is a Bézout
domain (i.e. ﬁnitely generated ideals are principal) with n maximal ideals, all of which are
principal and induced by the maximal ideals of D [12, Proposition 4.1 and Corollary 4.8].
Furthermore, we know that every non-zero prime ideal of D∗ is contained in a unique
maximal ideal [12, Corollary 6.7]. Therefore the partially ordered set of non-zero prime
ideals of D∗ is the union of n incomparable chains (by incomparable we mean no element
of one chain compares to an element of another chain), where each chain has a maximal
element. For more on the order type of these chains, we refer the reader to Remark 4.9 and
Proposition 5.1.
If D1 ⊆ D2 are rings and C = D1:D1D2, then D1 is (isomorphic to) the pullback
D2×D2/CD1/C.We utilize the pullback construction in twoways to describe the ultrapower
R∗ of a one-dimensional analytically unramiﬁed local domain R. The ﬁrst construction
obtainsR∗ via a pullback of the ultrapower of the integral closure of R and a certainArtinian
ring. This pullback is the traditional “conductor square” of a domain and its integral closure.
The second construction obtainsR∗ as a pullback of the ringR(∗) of Section 2 and a Bézout
overring. This latter type of pullback occurs frequently in ideal theory [6].
If (R,M) is a one-dimensional analytically unramiﬁed local domainwith integral closure
R, then R is integrally closed or the conductor C := R:RR is an M-primary ideal (in
particular, C = 0). Thus we deduce that R is the pullback R/C×R/CR. Of interest to us is
that the property of being a pullback passes to ultrapowers.
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Lemma 6.2. Let R be the pullback D×T/AT where A is an ideal of T and D is a subring
of T/A. Then D∗ is a subring of T ∗/A∗ and R∗ is the pullback D∗×T ∗/A∗T ∗.
Proof. We know that (T /A)∗  T ∗/A∗, A∗ ⊂ R∗ and D∗ is a subring of (T /A)∗. The
result now follows from the deﬁnition of the ultrapower. 
Combining this all together, we get the following description of Spec(R∗).
Theorem 6.3. Let R be an analytically unramiﬁed one-dimensional local domain. Then the
partially ordered set of non-zero prime ideals ofR∗ has a unique maximal element such that
if this element is removed, the remaining set is the union of n incomparable chains where n
is the number of maximal ideals of the integral closure of R.
Proof. Let R be the integral closure of R, and so R is a semilocal PID. Observe that
R∗ = R∗, since R is module-ﬁnite over R. Furthermore by Lemma 6.2, R∗ is the pullback
R
∗×
R
∗
/C∗R
∗/C∗. We note that R∗/(C∗)(R/C)∗ and R∗/C∗(R/C)∗. Hence both
rings are Artinian. Since C∗ is contained in the Jacobson radical of both rings, it follows
that the only prime ideals that contain C∗ are the maximal ideals of each ring. Therefore,
by the fundamental gluing result of pullbacks [5, Theorem 1.4 or Corollary 1.5(3)], the
partially ordered set of non-zero, non-maximal prime ideals of R∗ is in bijection with the
non-zero, non-maximal prime ideals of R∗. Since R∗ is a quasilocal ring, the result now
follows from Remark 6.1 (applied in the case where D = R¯). 
We give next a second pullback description of the ultrapower R∗. In this case we wish to
obtainR∗ as a pullback of the one-dimensional complete local ringR(∗) discussed in Section
2 and a certain localization of R∗S of R∗ which is in fact a Bézout domain. The pullback
is taken with respect to the total quotient ring of R∗. When R is analytically irreducible,
then R(∗) is a domain (see Proposition 5.6) and this total quotient ring is a ﬁeld. Pullbacks
arising in this manner have been well-studied for commutative rings; see for example [6].
Lemma 6.4. Let (D,M) be a quasilocal domain with integral closure D. Suppose that D
is a Bézout domain having ﬁnitely many maximal ideals, all of which are principal, and
suppose that C=D:DD is an M-primary ideal. Set B=⋂∞k=1Mk and B=⋂∞k=1J k , where
J is the Jacobson radical of D. Then B = B and if S is the complement in D of the union
of non-maximal prime ideals of D, then DS/BS is the total quotient ring of D/B, DS is a
Bézout domain and DD/B×DS/BSDS .
Proof. Since J is the product of the maximal ideals of D, J = xD for some x ∈ J . Now
C ⊆ M ⊆ J and the radical of C in D is J, so xm ∈ C ⊆ D for some m> 0. Set d = xm.
Then, since xmD ⊆ D, we have B = ⋂∞k=1dkxmD ⊆ ⋂∞k=1dkD ⊆ B. It follows that
B =⋂∞k=1dkD = B. Consequently, B[1/d] = B. Also D[1/d]:DD =⋂∞k=1Ddk = B.
Now let M1, . . . ,Mn be the maximal ideals of D. For each i = 1, 2, . . . , n, set Qi =
(
⋂∞
k=1Mki ). Since D is a Bézout ring, each Qi is a prime ideal of D. Furthermore, B =
Q1 ∩ · · · ∩ Qn, so if for each i, Pi = Qi ∩ D, then the set of zero-divisors of D/B is
P1/B ∪ · · · ∪ Pn/B. Now S = D\(P1 ∪ · · · ∪ Pn), so it follows that DS/BS is the total
quotient ring of D/B.
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We claim next that DS = D[1/d]. If P is a prime ideal of D, then PD[1/d] = D[1/d]
if and only if d ∈ P ; if and only if P extends to a maximal ideal of D; if and only if P is
the maximal ideal of D. Thus the prime ideals of D that survive inD[1/d] are precisely the
non-maximal prime ideals of D. As noted above, the largest non-maximal prime ideals of
D are P1, . . . , Pn, soDS =DP1 ∩ · · · ∩DPn . But also sinceM is the only prime ideal of D
containing d, we haveD[1/d]=DP1 ∩· · ·∩DPn . Consequently,D[1/d]=DS . As we have
veriﬁed,B=D[1/d]:DD, soB is the conductor ofDS inD. ThereforeDD/B×DS/BSDS .
Finally, we claim that DS is a Bézout domain. Since D is module-ﬁnite, it follows that
CS =DS : DS . We also know that C isM-primary, so CS =DS ; henceDS =DS . ThusDS
is a Bézout domain since it is an overring of the Bézout domain D. 
Theorem 6.5. Let R be an analytically unramiﬁed one-dimensional local domain. Then
R∗ is the pullback R(∗)×T R∗S , where T is the total quotient ring of R(∗) and S is the union
of the largest non-maximal prime ideals of R∗. Moreover, the ring R∗S is a Bézout domain
having the same number of maximal ideals as R, and each non-zero prime ideal of R∗S is
contained in a unique maximal ideal of R∗S .
Proof. The ring R∗ is a quasilocal domain with maximal idealM∗, and since R is module-
ﬁnite over R, it follows that the integral closure of R∗ is R∗. By Remark 6.1, R∗ is a Bézout
domain with principal maximal ideals. Moreover, the conductorC=R∗:R∗R∗ is the ideal of
R∗ induced (in every coordinate) by the ideal R:RR. Thus C isM∗-primary. Thus Lemma
6.4 applies, so R∗ is the pullback R∗/B×R∗S/BSR∗S and T  R∗S/BS , where S is the union
of the non-maximal prime ideals of R∗. By deﬁnition, R(∗)=R∗/B. Also by the lemma R∗S
is a Bézout domain. This forces R∗S = R∗S , so by Remark 6.1 the proof is complete. 
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